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1. The problem of determining at time T the maximum value of the
quantity y_  (T), a solution of the differential or difference equation
L.(y) = f(t) “under the conditions | f(t) | € My on [0, T], was con-
s1dered in [1,2,3 1. This problem is con51dered here under stronger re-
strictions for the right-hand side of the equation, namely, in the equa-
tion

Lo =y™ +a () y™ P+ ... T aa(t)y =/ (2) (1.1)
the function f(t) must satisfy the conditions

OIS<M,  |FOI<M, (1.2)

It is required to determine the function f (t), satisfying (1.2) and
providing the largest modulus to the solution y(t) of the equation
L, (y) = f (t) at time T. For definiteness it is assumed that

yO) =y (0)=...=y5 =0

A similar problem was formulated in [ 4 ] under certain restrictions
imposed on the distance between the extrema of the function (1.5).
Under analogous restrictions for difference equations, [5 ] treated a
more general problem: it was assumed that

FO] <Mo, [FOISMy, ()< M

The algorithm quoted in [6 ] allows one to construct a function f.(t)
giving the modulus of y(T), generally speaking an extremal but not the
largest value. These restrictions are removed in the present work.

The problem formulated above is encountered in the design of control
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systems when: (1) in regard to the disturbances acting on the system it
is known only that they are limited in the modulus and the derivative;
(2) the application of rougher but simpler evaluations imposes prohibit-
ively severe demands upon the parameters of the system; (3) the statis-
tical characteristics of the disturbances are unknown or their applica-
tion undesirable because of a responsibility of the system.

The problem of accumulation of disturbances is a particular case in
the question of optimum control in L.S. Pontriagin’s formulation. The
difficulties arising in finding the maximal function fa(t) are connected
with the existence of two restrictions upon the right-hand side of Equa-
tion (1.1). Therefore, this problem requires special consideration.

As is known, the solution y(T) of Equation (1.1) can be expressed in
the form

T
y(T) = S G(T, t)f(t)dt (1.3)
0
Let f’(¢) = ¢(t), then (1.3) can be expressed in the form
T T
y(T) =S Folowa,  F@)={6(T, (1.4)
0 t

The expression for F(t) is obtained upon substitution of

t
16 = ewar (1.5)

into (1.3) and change in the order of integration in the resulting double
integral. Function F(t) is continuous and differentiable, having on

[0, T] a finite number of extrema; modulus of F’(t) is bounded on [ 0,T].
The above formulation can also be expressed
as the following degenerate variational
problem: find a function ¢, (t) belonging

to a class of functions A satisfying on

[0, T]1 the conditions

e

)

o) <My, {§ tp(t)dt,<Mo (1.6)

and giving the largest value to the func-
tional

Y (¢) =

Fig. 1. T
S F(t)o(t)dt (1.7)
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2. Let us find the algorithm for the construction of a function ¢,(t)
which we will call maximal. First let us introduce some notations. By
t.(j =2, ..., p) we will denote the extremum points of function

J . .. e
x'= F(t), assuming t, = 0, tps; = T. For definiteness it is assumed that

t, and consequently all t; where j is even are maximum points of F(t).
Let (Fig. 1)

H=max F({), te[0,T), z=H—F()
Z=|—H — FQt)|=H-+F()

For even j we introduce functions ¢ i r(z)
and t]-l(z), while for odd j the functions

t]-r(z') and tjl(z‘).

‘If B

!
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I
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i
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Let j be even, then the quantities :
g

|

}

1

Ltz
A L]
- ;
tu(z) =t; for zCH—F (1) I

~
lr

7

tp(z) =tjq forz>H —F (t;,)
tji(z). for H —F (t;)) <z<H—F (t;4)

~

- 0’-1»62_
§

=
‘\‘2
Is-
5
=
1
(2]

are the nearest, from the left of t., roots
(Fig. 2) of the equation H — z = F(%) Fig. 2.
relative to t.

Further, the quantities

tr(z)=1; forzCH—F(t;), tir(2)=tipn for 2> H —F (tjyy)
tir(2) =T tor H—F (t;) <z <H —F (t;y,)

are nearest, from the right of t;, roots of the equation H - z = F(t).

Let j be odd, then the quantities

ta(Z) =1t tor ZCHAF(), tu(z)=tiy tor 2" >H+ F (t;,),
ti(z) for H4 F(t) <z < H+F(t;)

are the nearest to the left of t;, roots of the equation H + F(t) = z*.

Furthermore



470 L.S. Gnoenskiti

-

tj,f(z*) = t; for 2" < H -+ F (1)), tir '(Z*) = tljp tor z° > H + F (tj4)
tir(2") for H -+ F(4;) <z' << H -} F (tj11)

are the nearest, to the right of t;, roots of the equation H + F(t) =

Assume
8;(z) = tir (2) —tju(2),  8;(z") =t (&") — tju (2")

Introduce functionals @ij(z, z*) dependent on the parameters u, where
indices i, j may assume all possible integer values from zero to p, but
for each of the functionals i < j.

Functionals @, (z, z*) are defined by the sets of all positive, con-
t1nuous, monoton1cally increasing, in a strict sense, functions z = y,(u),

= yo(u), where y,(0) = y,(0) = 0. If z + z* £ 2H, then

B (2, 2) = D) (D) — 2 &l(d) (2.1)

k=i41 k=it1
The first sum contains terms with even, while the second sum has terms

with odd values of index k.

If the inequality

Za + 2" = 11 (8a) + T2 (Ue) = 2H

is valid for some u,, then for u > u , and consequently for z > z ,
2t >zt

(D‘U (Z7 Z*) = 2’ ék(za)—" 2” Ok (za*) (2’2)

k=it1 k=it+1
The first sum in (2.1) is equal to the sum of interval lengths between
tie1,1 and tip where F(t) > z; the second sum is equal to the sum of
interval lengths between ¢ +1,1 and tirs where F(t) £ z*
The maximal function ¢ (t) is constructed stepwise with the aid of
the functionals @ij(z, 2*).
*

First step. Assume z = z* = u and let a; be the first value of u upon
increase from zero, for which the inequality

ld)Oj (a‘l, al)) = C

Coz%—f’l, 0oy < H
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would be satisfied for at least one function d)oj(u, u), where (I)oj(u, u)
increases at a certain neighborhood to the right of the point u =-a,.

At

/7
i

‘Fig. 3.

By Ea: we denote the system of intervals belonging to [0, T1 on which
F(t) > H - a,, while by Ea; we denote the system of intervals from [ 0,T]
on which F(t) < —H + a,.Assume (Fig. 3)

Qo (8) =M, for te=E,", o, (§) = — M, for t= k,~
Qo () =0 for t [0, T —Ey* —Ey~

If a; = H, then <j>a_’1(t) is the maximal function, where a; = H. If
a, < H, then ¢ () coincides with ¢'a1(t) only on the set

Ey, =FE,* +E,~

In the following steps ¢ (t) will be defined on the set [0, T] - Eal.
Note that if on(al, a,) = C, then (Fig. 3)

tjr
fal (t]?‘) = S (Pax (3) dt = ﬁf{l@o] (051, al) = ]1’[160 = MO
0
Thus, in order to carry out the first step it is necessary to con-
struct functions (I)oj(u, ua) (j =1, ..., p) and determine the quantity
u=a;, for which, at least for one j, the modulus |(I)oj(u, )] = C, for
u =-a, and which increases with increasing u..

Second step. In the general case for u = a; the following system of
equalities may take place:
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(DO‘L (als a‘l) == Q)Oiz (0‘1, a’l) = e & (DOia (O(‘li al) - C
@oia+1 (061, d’l) = Q)Oia+2 (Otl, d’l) = s e e — Q)Oib (ali Otl) = — CO (2.3)
(poib_,_l (o4, o)) = @oib+2 (0, o) = ... =Dy, (g, o) = C

..........................................

The system of equalities (2.3) has N such rows. Each row contains at
least one function. The functions in (2.3) are distributed so that their
indices satisfy the inequality i, < i, < ... <1 <14, < ... <1<
tpe1 --+ < i, < ... For any funct:lon from an odd row, @, (u u) increases,
while for any funct1on from an even row it decreases in some ne1ghborhood
to the right of the point u = a;. If

| Do, j—1 (%1, 1) | = | Poj (21, 1)}, Po, 1 (u, u)= Po; (u, u)-
at some neighborhood to the right of the point u = a,;, then in the system
of equalities (2.3) only d)o.j_l(al, a,) is included.
Let us consider ‘I)Oil(z, z*) for quantities z and z* greater than a,.
From the relation
Dy, (2, 27) = C, (2.4)

we will find at some neighborhood to the right of the point z = a,; the
function 2z* = ﬂOil(z). From the definition of <I>0i1(z, z*) it follows that

as long as z + z* € 2H, the function ﬁoil(z) is defined uniquely and at
some neighborhood to the right of z = a;, the inequality z* = "901'1(2) >z

1s valad.

If in the increase of z from a, for some a the inequality & ,; (a) +
1

= 2H is valid, then for z > a we let' %, (z) =9, (a).
1 1

Note that if in (D0i2(2, z*) the sum

E 8x(z) =0 for z>ay, 2" >, then Uy, (2) = 2H — o

k=1

Let us consider (I>0i2(z, z). From the relation
Doi, (2, 77) = €, (2.9)
we find the function z* = {}oiz(z).

If 1‘)0,:2('1) >1?,0i1(z) in the neighborhood to the right of z = a,,
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then for subsequent constructions we will utilize only the function
q4,(2).

If 9,, (z) < ¥,. (z), then from the relation
012 011
D, (2, 2') = Dy, (2, 2°) — Dy, (2, 2°) = Dyg, (2, ) =0 (2.6)

we find in some neighborhood to the right of z = a; the function

z* = a‘}iliz(z) (this is possible since otherwise (I)Oiz(al' a,) would be

larger than C;), and utilize further the functions ‘90i1(z) and'%iliz(z).

Assume now that in the first row of the system (2.3) all functionals
up to ®y; including (i, < i ) have been considered and that for further
v

construction the functions
%Oiai ﬁiaiﬁ’ %i‘gi.{r ey %ipiv (2.7)

remain, where i, < i,B < i,y < ... < i# < i,, and in the neighborhood to
the right of z = a;
Boip (2) > Bigig (2) > ... > 4,4, (2)
From the relation

Dyi, (2, 27) = Do, (1, &) = C, (2.8)

we find the function & ,; (z). If ¥,; (z) in the neighborhood to the
14 v
right of 2= a is larger than ¥ ; ; but is less than the preceding ¢, ;
€ €
function from (2.7), then for subsequent constructions we retain all
functions from (2.7), preceding ¢ ; ; (z), and the function &, . (2)
] ety

which is found from the relation
Dy, (2, 2) = Doy, (2, 2') — P, (2, 2°) = 0 (2.9)
We will consider thus all ®,; from the first row of (2.3) and deter-
mine the corresponding functions %452

Let us consider now the second row of (2.3). From the relation
Diigyy (2 27) = Dy (2, 2°) — P (2, 2°) = Digigy, (1, ) =—2C, (2.10)

i, €1, < 1, we find the function z = lﬁia' (z*). The index i ..

Yat1
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is determined as follows:
At some neighborhood to the right of the point a, the relation
Dy ; (u, u) = (I)Oj(u, u) is satisfied identically with respect to the argu-

ment u for all fboj(u, u) and i, € J € i, while for the index j > i .,
but smaller than 1 _,,, the inequality @, (u, u) > fI)o}-(u, u) is satisfied

in any arbitrarily small neighborhood to the right (Fig. 3) of the point
a,.

Next consider (Doi N {z, z*). From the relation
at2

(Dia’ e (z, Z*)E@m’a—{-z (z, Z*)'—@O‘iu’ (2, Z*) = —2C, (211)
we find z = ¥, i (2*). If at some neighborhood to the right of
a
* = 1 o . * \ . . * -
z* = a, the function ﬁ‘a" +2(z ) is greater than ¢ i ,_an(z ) we re
tain one function &;  ; = (z*). In the opposite case we find from the
a’ “at2
relation
(D-ia_|_1ia+_2 (z, ") = QOi(H'—Z(Z’ .z’")—Q)m-a_JF1 (z, 2)=0 (212y
the function z = ﬂi o 2(z*). Further, we will consider functions
a at
g, . (%) and &, . (z*), etc
e tatl ) Yat1tat2 ),

Using the analogous reasoning, it is possible from row to row to con-
sider all functions included in the system of equalities (2.3) and to
construct at some neighborhood to the right of the point u =-a, the
system of functions z = ¥ 3j(v) and z* =§4,;;(uw).

Let us locate all ®,.(z, z*), used for the determination of the system
of functions ¥ ij in t{le order of ascending indices

(Din': (Z' Z*)Y ®3'252 (Z, Z*)i ety (Dimjm (Z, Z*) (213)

Substituting in each element of (2.13) the functions ¥ j(u) in place
of the corresponding arguments, we will obtain the functions
<I)‘-j( ﬁij(u), u) or (I>ij(u, ﬁij(u)). If in (2.13) j, < jpeq, then we will

add to the sequence (2.13) the function (Djkjkﬂ(u' u), inserting it be-
tween @, . and @, .. The result is the sequence
ik tht1d kel € a

Diir Pijy Pisyr - - (2:14)

o Pip iy



Accumrulation of disturbances in linear systems 475

As was pointed out above, to each dyk from (2.14) corresponds a

=)
function {}jk jk(u). These functions form the sequence
-1

'ﬂjujl’ ﬁjsz’ ﬁj:jai 0t ﬂ

ip—1p

(2.15)

Let j, € J € Jp4p, where j, and j,,, are indices of some function

®. . (u) from (2.14).
) 25 51
If ¢ykjk (u) = Jka (u, ﬂ'jkjk+l(u)), then let ¢y(u) denote the
function
k
Z Ji i u) + (DJ};J (u, ﬁ]k ek (u)) (216)
i=1
If

djik ik (u) = (Dik ik (ﬁjk ik41 (u), u)

then
D;(u) = 2 @J,~1u ) 4 @iy (B Jk5k+1(u)’ u) (2.47)
i==1
If j = j, then the functions ¢Gk = 2 1¢5 [ (u) form a sequence
i= i- i
D5, (), Pju),..., P; (u) (2.18)

Their indices form a sequence
]'17 j21 LA 1jp (219)

All elements in (2.19) can be divided into N groups according to the
number of rows in (2.3). In each group the elements j, are distributed
in the order of ascending index. k, while the indices in the elements of
the ith group are smaller than the indices of the i + 1 group. Let j,
belong to the ith group from (2.19), then qyk’ ¢yk_ iy {)jk_ is
to the ith groups of the sequences (2.18), (2.14), (2 15). If ﬁ

belongs to the ith group and is determined from the relation

belong

]Jkl

q)ikik+1 (z, z) = (pj/‘-ik_,.l (g, o)

as functions of z, i.e. U, . = &, . (z), then the remaining func-
],k]k"'l Tl b+

tions of this group are also determined from the corresponding relations
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as functions of z. If, however, ﬂ‘jkjk is defined as the function of
+1

z*, the remaining functions of this group are likewise defined. From the

scheme of construction of functions {}]k]k it follows that:

*

1) At some neighborhood to the right of the point u = a; for all u

the functions {)]kfk (u) from one group vary monotonically with the in-

crease of index k, whlle at the same time, the difference ¥ . Fnipe (u) -
+1

ﬂ'lk s (u) does not change sign with the increase in u in the region of

this nelghborhood.

2) In this neighborhood.ﬁ‘jkjk+1(u) > u for any k.

3) All dyk(u) belonging to this group are identically equal to each
other at the neighborhood to the right of u = a;.

Note that
Ik irha
(D:ik ikt (uv ﬁ.‘lk ikr1 (u) 2 6 2 8; (ﬁ:ik J'k_H(u))
i=jp+1 i=jp+1
s - (2.20)
@J‘/; ikt (ﬁ]k J/.+1 7 E 6 JA Jk+1 2 0 (u)
i=jg+1 i=jg+1

where each sum is a monotonically increasing function of the argument u.

Let us denote by Eu+ the system of intervals defined by the sum of
the first components of all functions from (2.14), and by E~ the system
of intervals defined by the sum of the second components of all functions
from (2.14). From (2.20) it follows that if a; < u; < u, then

E, CE; CE,", E, CE, CE, (2.21)

Let us define now the function ¢, (t).

Qu(t)=M,, if teF,"; Qult)=—M,, it te=E
Qu(t)=0, if te(0, T)—E, —Ey,

From (3) above it follows that ¢,(t) belongs to class A of the func-
tions considered; it is easy to show that Y(¢,) increases with the in-
crease in u. All this is valid at some neighborhood to the right of the
point u = a,. The second step ends when u = a,, if for this value of u
at least one of the following four cases occurs:
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A) It may be that for y = a,
op + B, LAY (ag) = 2H

for all functions from (2.15). In this case we consider that ¢a2(t) co-

incides with the maximal function ¢, (t), the construction of which is
thus completed.

B) Let j, < j < jp4; where j, and j,,, are the elements from (2.19),

then it may be that |<g (ay)} = C, and|®; (u)| increases to the right of

. . J . .

u = a,. These relationships can take place simultaneously for several j
lying between j, and j,,; and for several values of the index k.

C) For one or for several values of k and for u = a, the difference

ﬁjkjkﬂ(u) - ﬁjk_lj(u) changes sign. It is assumed that O jk-ljk(u)
and ﬁjkjk“(u) belong to one group from (2.15).
D) For u = a, the difference ﬁjkjkﬂ(u) — u changes sign for one or

for several values of k. If for u = a, at least one of the cases (B),
(C) or (D) takes place, then in order to define ¢, (t) for u >'a, it is
necessary to transform and augment the sequences (2.14), (2.15), (2.18),
(2.19) according to the following rules.

Let us assume case (B). Depending on the sign of (I)j(az), (Iljk(az),
q)jk“(az), there can be eight cases which can be represented by the
following scheme:

1 2 3 4 5 6 7 8
d)jk:Co Co Co Co '—Co —‘Co —-Co —Co
‘Z’5=Co —Cy +Co —Cy +Co —Cy +Co —Cy

(pjk+1 == C() Co - Co e Co Co Co -_ Co - Co

Consider ®. . (z + z*). For u = a, there will be
Tl Rty 2

either (a) z=oy 2" =1 (%)

or (b) 2Z"=o0, z2= ﬁjk k¢ (oto)

In case of (a) at some neighborhood to the right of z = a, we find
2* = O jkj(Z) from the relation

D;,i (2, 2") = Dj(0g) — Pj, (atz)

From the relation <I)jjk+1(z, 2*) = (ka+1(a2) = <I>j(a2) we find
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*

z*¥ = ﬁjkj(z); and in the sequence (2.14) in place of ®. . (u,

) Jpl e+l
jkjk+l(u)) we substitute (I’jkj(u, i jkj(u)) and (Djjkn(u' ﬁj]-kﬂ(ll));
in (2.15) in place of ¥ . . we substitute ¥ . .(u) and ¥ .. (w); in
T eI k1 Tt I k41
(2.18) and (2.19) between CDjk and q)jkﬂ’ Ji and j,4, we insert correspond-

ingly (IJJ- and j.

In case of (b) we find from the same relationships the function

z= U, (z*) and z= O .. (z*) and repeat the same procedure as for
Tt JJp+1
(a). °
If between (1)]- and (I)j for u = a, there are valid several relations

+1
of the type | ®.(a,)| = C,, we then utilize the same method which was used
at the start o% the second step for determination of ﬁij(u), and intro-
duce into the sequences (2.14), (2.15), (2.18), (2.19) corresponding

corrections.

Assume that case (C) occurs and let, for example, ¥ h-17 be deter-
mined from the relation @, . (z, 2*) =®. . (a,, a,) as a function of
Jp-1J Jpetdp ¥V 1
z. Then from the relation ®. . (2, 22) =@, (a;) =, (al) we
Je-17 k41 Tkl -1
find the function z* = ¥ ., . (2z) in the neighborhood to the right of
Th-17k+1
z = a,.

In (2i14) in place of (D,-k_ljk(u, R jk—ljlg(u)) and ?jkjkﬂ(u' ﬁjkjkﬂ(u))
we substitute (Djk—ljkﬂ(u' ﬁjk_ljkﬂ(u)); in (2.15) in place of ﬁjk—ljk
and ¥ . . we substitute ¥ . . ; in (2.18) and (2.19) we strike out

T k) k1 T k=17 k1
(D]k and Jk'

Assume that case (D) occurs, i.e. ﬁjk 1].k(uz) — u changes sign for
u = a,. Case (D) can have several versions:

1) In (2.15) ﬁjk i is the function furthest to the right, or to
the right of it is only ﬁjkjkﬂ =u

In this case in (2.15) in place of ¢ . and ¥ ; . we substitute

Jp-19p Tp) g+
. . (u) = u, in (2.14) in place of O, we substi-
Th-17 k41 J
tute O, .
Te-17k+1

. and ®. .
k-17k Tpd k1
(u, u); in (2.18) and (2.19) we strike out (I)jk and j,.

2) The function ﬁjk Uk belongs to the ith group from (2.15), and to
the right of it in this group can be only the function f}jkjk”(u) = u;
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let, for example

d}jk...l i (u, ﬁi;;..l i (u)) = @5;,-...1 in (o, %)

Then from the relation

(p?'k—l iz (z, 2') = ka—ljk.f.l {0y, o)
we find z= 8, . (z*); substitute in (2.15) in place of ¥, (u)
Th-1J k1 Te-17p
and ﬁjk J e (u) the funcnon ﬁ] Ykl (u); in (2.14) substitute
i b1 ko1 1n place of (DJ 17k nd ijjkﬂ’ etc.
3) The function ﬂ)k i is the furthest to the left in the ith group

from (2.15). Let, for example

(DJ';c..q ix (ﬁik_.l ix (u), u) = q)]‘k._.l i (o, o)

If . . (u) = u, then from the relation @- j (z, 2*) =
Je~2k-1 " ) Th-27k
(.I)jk-zjk(al"'al) we find the function z = \‘}ka ia (z*); in (2.15) we
substitute ¥ Jmgi (u) in place of ﬁ-’k— Jt apd ﬁlk_ iy in (2.14)
we substitute <I>] ~ -’k( ﬁjk 2k (u)) in place of @ -’k—- Faey (uz, u) and
(Djk-l-’k( ’ﬁjk_ }k(u) u),
If 9 Fhenipe1 (u) # u then, from the relation q)lk— ]k(z, z*) =
. ay, a ) we will find z = O, (z*) and in (2.15) we substitute
Tpert Jp—y i

g

(2. 14) substitute q’)k— ]k(u ﬁ"k i (z)) in place of @

(u), u) (the functions ¢

¥ . . (u) in place of the previous function with the same index; in
-1/

(9,
® e Te-17k
iy ]k(u) are different in the last two ex-
pressions). Thus all cases have been considered which can occur when
u=a

2.

The thus-transformed sequences (2.14), (2.15), (2.18), (2.19) form
new sequences which can differ from the original ones only by the number
of groups. Utilizing these new sequences it is possible to determine
¢,(t) at some neighborhood to the right of u = a,. If for u = a, case
(A) applies, then ¢a3(t) coincides with the maximal function; if however,

for u = a; any one of the cases (B), (C) or (D) applies, it is necessary
to transform the new sequences obtained as shown above and to determine
#,(t) for u> a,. The construction of qS (t) will be completed if for any
one of the analogous steps for 0 < u < <H the case (A) will apply. Since
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F*(t) is bounded on [0, T] there will be a finite number of steps
necessary in order to construct the maximal function. Thus, the algorithm
for constructing ¢ (t) has been indicated.

3. We will prove now that the previously constructed maximal function
¢,(t) indeed gives the largest value to the functional (1.7). Let ¢.(t)
be an arbitrary function of class A; we will prove that

Y((Pm)_Y(q)r)>0 (31)

From Section 2 it follows that if on [0, T] there is no such point
t, for which
t

| (f0) | = l%q’m(t) dt‘ = My, then @m(t) == M,sign F (1)
"o
It follows immediately from (1.7) that in this case ¢ (t) yields the
largest value of the functional Y(¢).

Let us consider the most general case. From the construction algorithm
for ¢,(t) it follows that for f (t) there can be the following relations

Fig. 4.

{see Fig. 4, where on the intervals denoted by the solid line b, = My,
dotted line ¢, = — M;; outside of these intervals ¢, = 0; t; = t,,
bs=typ tg= by tro= tip tin o tis)'

1) At points t,, ty, ..., t;, the equalities

i’

Jom () = fm(t2) = . . . = fm(ts,) = M, (3.2)

are fulfilled, while at some neighborhood to the left of each of these
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points f_(t) < M,. There are i, numbers h; > hy > ... > hil 2> 0 such that
@m (8)= M, sign (F (t) — h,) (3.-3)

The function ¢ (t) = M, sign (F(t) — h,) on the interval (t;, t,),
with the exception of the interval (tl’ t,") € (¢, t,) where t,” is
nearest to t; point of intersection of function x = F(t) with the straight
line x = hy; on this interval ¢, (t) =

Function ¢_(t) = M, sign (F(¢) — h3) on the interval (t,, t;), with
the exception of the 1nterva1 (t,, t, ) where t,” is nearest to t, point
of intersection of function x = F(t) with the straight iine x = hy; on
this interval ¢5(t) =0, etc.

2) At points ti1+1’ til+2 e tiz the following equalities are ful-
filled:

Fultih)) = fn (i) = - - (t) = My (1, <ty <ty <-..<t)  (3.4)

With regard to this group of equalities and determination of the func-
tion ¢_(t) on the corresponding intervals, it is necessary to repeat
literally everything as in the previous case, with the only difference
that

0 > h£l+1 > hi1+2 > e > hi,‘

3) At points t; S+ t12+2, ceny ti3 the following equalities are ful-
filled:

fm(tiz+1) = fm (ti:+2) =..=fm (ti.) =—M, (3~5)

where at the same time f_(t) > — M, at some neighborhood to the left of

po1nts t: +1° tt +2, ey tis.

Function ¢_(t) is defined on the intervals (¢, ,,, t; ,,) .
l2 1 l2+2

(tis—l‘ tis) in the same way as previously, but here
0> hey> by > o > hia (3.6)

4) At points t; S t;3+2, cees ti4 the following equalities are
fulfilled:

fin(bia) = fn (bivhe) =« - . = fm(t) = — M, (3.7)



482 L.S. Gnoenskit.

Everything is determined as in (3), the only exception being that

0 < iy Chige <Ko - g, (3.8)

5) At points ti4+1' ti4+2' cey tis the following equalities are ful-
filled:
fm (tid—l) = fm (ti‘+2) =.../m (ti;) = Mﬂ (3-9)

Here one should repeat literally everything that was said in (1). Next
follow equalities (6) coinciding with the equalities in (2), etc.

Figure 4 shows such a function f (t). Let us show that

Lt
ty
v

S F @) (pm—¢r)dt >0 (3.10)
0
where til' is the root of equation F(i) = 0 nearest to til from the

right.

By Aj, Aj'; Aj”ij =1, ..., i;) let us denote the following systems
of intervals belonging to (0, t; ) (see Fig. 5, where the intervals from
(t,*; t,”) are indicated with double lines forming Ay; (ty, t,7) is Ay
all other intervals from (¢,”, tz') form A,):

it

Fig. 5.
a) A] +:Aj"+’A ;""'— (tj_l"; t]‘)'
b) If t & A then |F(t)| > h; and ¢,(t) = M, sign F(¢); if t &= Aj”
then |F(t)| < h; and ¢, (t) = - M; if ¢t GE'Aj”r-then hj 2 F(t) 2 hj+1 and

@ (t) =0 (Aj”~ is the interval (tj, tj')).

From above it follows that
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ti,
F(t)(pm— @) dt
Q

=S {{ Flom—odt + { Flon—@)dt + { F(—on)di}

A

j=1 A f
i A i

]

The integrals on the right-hand side are evaluated along the intervals
contained in A A.’ A “. Utilizing the generalized theorem about the
mean, it is pos31b{e to show that

{ Flon—eldt=1F(@)| {lon—0rldt (a2

Aj Aj
| Flgm—gdi= F(b) | (gn—en)dt (b, S4))
a5 Ay
{F(—gldt=Fcy) {(—enat (=4p)
45" 45"
Therefore
ti,l
{ 7 (om—or)de (3.11)
Q

— S{IF @) § lon—0rldt + F (8) | (o — @)t + Fles) | (— ot}
=1 4; a3 a;”

Note that f (b, — ¢,) dt €0, since ¢ (t) =~ M, onA . It is
A

obvious that

é{g(wm—cp;)dwr [ @mn—oldt+ | (—od>0  =t...00

=1 4; Ay A5”

Let for some k < 1, be shown that

Ek]{ (a5) | S \9m—@rldt + F (b5) | (@m—@r)dt + F(cs) ) (—(Pr)dt}>0

j==1 J Aj' Aj”

We will show that a similar inequality takes place for k + 1. Indeed,
let

} (—er@d<o

Appa
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Then if

 (on—o)de>

Bpy1

Skt Bk

| @n—oat | (~q»)dt|

it follows from the inequality |F(ay,,)| > max (JF(byy,)|, F(Cpy,)) that

| F@)| | 1on—0rldt+ F(bes) § (@n—wr)dt -

Apy N
F(oe) | (—@)de>0
Ak-{—l
If
| @n—aat<| | Gn—odi+ | (—ena
Appq Ak'_H Akf’+1

then from the inequalities

k1
2 { §'((Pm'“‘ 9r) dt + AS (Pm — @;) dt + AS" (—cp,)dt} >0

max (| F (bxva) |, F (ck+1))<1;;<i£(|F (a3)], F(cs)

it follows that

k§ {! F(a)] S | @m — @r| dt + F (b;) S (Pm — @r) dt+ F (c;) S (*—(Pr)dl}>0

4 Aj’ A].'
The inequality

P @)] J1on—:ldt+ F(0) | (gm—w)dt+F(er) | (—o)dt>0

A, A A
follows from

(Pm — @r)dt >0, F (a; F

A drrar m — Qr) dt > | F (a;)| > max (| F (by)], F (c,))
Thus, the inequality (3.10) is proved. It is proved analogously as

well as when

| (—ondr>o0

N
LE!
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’

Then one considers the interval (ti » b ), where t; 7 is the root
3 3

of equation F(t) = 0 nearest to ti3 from the right. It can be shown that
ti,’
F(¢m—9r)>0 (3.12)
ti"
The proof of this inequality is analogous to that of (3.10) and is
therefore omitted. Note only that for the proof one utilizes the inequal-
ities of the form (3.8) and the inequality
7]
S (P —@)dt <O (G=iab1, iat2,..., 15
14,
Next, one considers the interval (¢, , t, ) and proves the inequal-
ity . 3 5
| Flom—o)di>0  ete. (3.13)

.
ti,

All these inequalities are proved analogously to (3.10). Since the
number of such intervals is finite this proves the validity of (3.1),.

It may be that the limiting equalities for f, (t) will start not from
case (1), as was shown above, but from any of the following cases.
Furthermore, case (1) may be followed immediately by case (3), etc. How-
ever, the proof of (3.1) remains unchanged.

Example. In the equation y + 2y +:100y = f(¢) for T= 1 Ypay (1) = ¢k
under the condition | f(t)| € 100k; Ypax(1) = 3.3k under the condition
L F(t)] € 100k; | F7(t)| < 830k,

Note 1. The algorithm for constructing ¢h(t) presented above can also
be §pplied in the case of a linear difference equation; in contrast to
the presented case, however, ¢i(’) may not be the only function giving a
maximum to the solution at time T (see [51).

Note 2. If only a few steps are required for the determination of
¢i(')' this can easily be accomplished graphically. In the general case
it is not difficult to program the evaluation of ¢, (t) and Y, (t) on an
electronic digital computer,
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